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~5K

1.�ê�{xn}¦�{2xn+1 + xn}Âñ.y²:{xn}Âñ.

2.�këY¼êf : [0, 1] → [0, 1],Pfn(x) = f(fn−1(x)), f1(x) = f(x)(=fn�f�ngS�.)ef2017(x) =

x(∀x ∈ [0, 1]),y²f(x) = x

3.¡ê�{xn}n∈N ⊂ [0, 1]��©Ù,eé?¿(a, b) ⊂ [0, 1]Ñk

lim
N→∞

|1 ≤ k ≤ N |xk ∈ (a, b)|
N

= b− a

y²:X4O�¢ê�{xn}n∈N÷v

(1) lim
n→∞

(xn+1 − xn) = 0

(2) lim
n→∞

n(xn+1 − xn) = +∞

K§��êÜ©��©Ù.

4.�½²¡þÃn:P0(
√

2, 0),é?¿n�kn:Pi = (xi, yi)(i = 1, 2, 3), xi, yi ∈ Q,¦y:P0, P1, P2, P3Ø

UÓ�3²¡þ?¿�����±þ.

5.�Ä3�¢�þ

α = (1, 2, 3), β = (4, 5, 6), γ = (7, 8, 9)

´Ä�33× 3¢Ý
A,¦�

αA = β, βA = γ, γA = α?

6.½ÂZn��ê�n�Ó{a�8Ü, �kg,�\~{$�. ±ZknPk�Zn�(k�È, �kg,�\~

{$�. Ú\nk��½�, P�{xa}a∈Zk
n
. �BòZknü�S, =�½V�f : {1, 2, . . . , nk} → Zkn. w,, 1

�ªdet
(
xf(i)−f(j)

)
1≤i,j≤nk�XÛüSZ

k
nÃ'. ÁòÙ3C¥Ïª©).

7.�½���IX¥�n��.

C1 :

x2 + y2 = 4

z = 1
, C2 :

x2 + y2 = 1

z = 0
, C3 :

x2 + y2 = 7

z = −1

�Ä�m¥�C1, C2, C3Ó������.�û½¤kù�����¿8,¿`²nd.

8.®�V­�Ô¡F3��mÃ���IXe��§�z = x2−y2,²¡A3T�IXe��§�x+y+z =

0.�3²¡Aþ�E��²¡mÃ���IX,¿3T�IXe^���gØ�ª�xF3²¡Aþ�R�

ÝK

9.¦>��1��12¡N�NÈ.

J«:�Ê>/�>��?¿�éØ��º:�mål�'�´�7©�Ç

√
5− 1

2



N\K

10.�Ä¼êf(x) = rx(1 − x), r ≥ 1. ±fnPfS�ng, =f0 = id, fn = f ◦ fn−1. ér < 3, y²: é?

¿x ∈ (0, 1), Ñklimn→∞ f
n(x) = 1− 1/r. r = 3��¹XÛ?

11.é�êp, ½ÂFp��ê�p�Ó{a�8Ü, �kg,�oK$�. ±F2
pPFpþ�²¡, ={(x, y) |

x, y ∈ Fp}. X3R2¥��, ±“:”¡F2
p���, ±“��”¡/Xax + by + c = 0��§�)8, Ù

¥a, b, c ∈ Fp, a, bØÓ�0. é=
p, F2
pþ�3Ê�:, ¦�Ù¥Ão:��, �ë�Ù¥?ü�:���

�LÙ¥,��:?

12.ü��I­�Γ1,Γ2�uo:A,B,C,D.3��ABþ�:O,LO�`1�Γ1uE1, F1,LO�`2�Γ2uE2, F2.¦

y:C,D,E1, F1, E2, F2���I­�.



1�3�[Ï¥�ÁÁK(�êÆ|)

~5K

1.¦e�ê�4�.

(1) lim
x→∞

(
x− x2 ln(1 +

1

x
)

)
(2) lim

n→∞
n2( n
√
a− n−1

√
a)(a > 0)

2.¦e�4�

(1) lim
x→0

(
1

x2
− cot2 x

)
(2) lim

x→0

sinx− arctanx

tanx− arcsinx

3.´Ä�3�KuÑê�{an}, {bn},¦�{an + bn}´Âñê�?

4.y²:�x > 0�,e¡�Ø�ª¤á

(1 +
1

x
)x < e < (1 +

1

x
)x+1

5.¦Ø½È©

∫
earctan x

(1 + x2)
3
2

dx

6.O�Ø½È© ∫
x6 + x5 + x4 + x3 + x2 + x+ 1

(x− 1)(x− 2)(x− 3)(x2 + 2x+ 2)
dx

7.�Ý
A =


1 0 1

0 2 0

1 0 1

,eÝ
B÷vAB + I = A2 −B,¦B

8.��
A÷vA2 −A+ 3I = 0,y²(A+ 2I)�_,¿^AL«(A+ 2I)−1

9.�A�3× 3�Eê�
,÷vA�����þ�1,−1, i,−i,¦|A|�¤k�U¢ê�.

N\K

10.�f(x)´Rþ�ëY¼ê,�??�3m�ê.

(1) ef ′+(x)�Ky²f(x)üN4O

(2) ”ëY”^��±�Kí?

11.�ϕ´n�¢�5�mVþ��5C�,y²:eV�?¿n − 1�f�mWÑ÷vé?¿w ∈ W,ϕ(w) ∈
W .y²:�3¢êa ∈ R,¦�ϕ(α) = aα



1�3�[Ï¥�Á�Y(êÆ|)

1.� lim
n→∞

2xn+1 + xn = a

Äk·�y²{xn}k..�ε0 > 0,�3N ,¦�?¿n > N ,|2xn+1 + xn − a| < ε0.duε0 > |2xn+1 +

xn− a| > 2|xn+1| − |xn| − |a|,l
|xn+1| < |a|+ε0+|xn|
2

,l
8B��|xn| < max{|a|+ ε, xn+1},l
xnk..

�limxn = A, limxn = B.éxn = (2xn+1 + xn)− 2xn+1,ü>�þ4��

A = p− 2B

�e4��

B = p− 2A

l
A = B = p
3
,Ïd{xn}Âñ.

2.Äk·�y²f´ü�.�y,b��3x1 6= x2,¦�f(x1) = f(x2),�x1 = f2017(x1) = f2017(x2) = x2,g

ñ!l
fü.l
füN.�w,füN4O.b��3x0¦�f(x0) 6= x0,KØ��f(x0) < x0.dfüN4O,l


x0 > f(x0) > f(f(x0)) > · · · > f2017(x0) = x0.gñ!

3.én ∈ N,7�3i ∈ N,¦�
3i(i+ 1)

2
≤ n < 3(i+ 1)(i+ 2)

2

en < 3i(i+1)
2

+ 2i+ 2,-xn = i+ 2n−3i(i+1)
8(i+1)

en ≥ 3i(i+1)
2

+ 2i+ 2 -xn = i+ 1
2

+ 2n−3i(i+1)−4i−4
4(i+1)

l
{xn}�êÜ©Ø��©Ù,gñ!�dKkØ.

4.dKkØ,�~x2 + y2 = 2

5.y² e�3A,-λ = (3, 3, 3),KλA = (γ − β)A = −2λ,qkλA = (β − α)A = λ.l
−2λ = λ,g

ñ!.l
AØ�3.

6.±µnP¤kngü ��8Ü, Kµnþk¦{$�, µknþ�kÅ�I¦{. éω = (ω1, . . . , ωk) ∈ µkn,

a = (a1, . . . , ak) ∈ Zkn, ½Âωa =
∏k
j=1 ω

aj
j , K§÷v�êT÷v�5�. éz�ω ∈ µkn, �Ä��

þω =
(
ωf(j)

)
1≤j≤nk . ±K¥Ý
¦±§��

(
xf(i)−f(j)

)
ω =

(
xf(i)−f(j)

) (
ωf(j)

)
=

 nk∑
j=1

ωf(j)xf(i)−f(j)


=

∑
a∈Zk

n

ωaxf(i)−a

 =

∑
a∈Zk

n

ωf(i)−axa

 =

ωf(i) ∑
a∈Zk

n

ω−axa


=
∑
a∈Zk

n

ω−axa
(
ωf(i)

)
=

∑
a∈Zk

n

ω−axa

ω.

éε ∈ µkn, ½Â�5¼êfε : Cnk → C�fε(z1, . . . , znk) =
∑nk

j=1 ε
−f(j)zj , Kéω ∈ µkn,

fε(ω) =

nk∑
j=1

ε−f(j)ωf(j) =
∑
a∈Zk

n

(ε−1ω)a =

{
1, ε = ω;

0, ε 6= ω.

¤±¤k�ω�5Ã', �¤Cnk

��|Ä. d�cín, K¥Ý
3ù|Äe�é�
, 
1�ªØ�6Ä

�À�, ��1�ª�uK¥Ý
3ù|Äeé���¦È, =

∏
ω∈µk

n

∑
a∈Zk

n

ω−axa

 =
∏
ω∈µk

n

∑
a∈Zk

n

ωaxa

 .



7.) PK�8Ü�S.*	�S'uZ¶^=é¡.�Ä²LC2�:P = (1, 0, 0)��²LC1���"¤

kù����/¤º:3P�����I§§3²¡z = 1���´�C3��(uü:)��"Ù¢§�±

�Ñ��I�§(x − 1 + z)2 + y2 = 4z2.Ïd²L:PTÐkü^��l1, l2�C1, C2, C3Ñ��.d^=é

¡5, l17Z¶^=�)�^=ü�V­¡H�¹uS.dH��«5ÚC1, C2, C3 ⊂ H§·���Hþ²L

:P�ü^��Ù��l1§,�^K�U�l2"2g|^^=é¡5=`²S�¹uH,¤±SÒ´^=ü�

V­¡H.

�
�ÑS��§,·���½Xêx2 + y2 = az2 + bz + c,dC1, C2, C3��§á=U)Ñ.

x2 + y2 =
9

2
z2 − 3

2
z + 1

8.��IC��


x′

y′

z′

 = A


x

y

z

 Ù¥,A´��3× 3�Ý
,Ø��x+ y + z = 0C����z′ = 0.�A =

(aij)3×3.Ka31 = a32 = a33,Ø���

√
3

3
.�R�uù��þ�ü�p���þ


1

−1

0

 ,


1

1

−2

 .ò§�ü 

z��,��C���y¶Úx¶.Kk

A =


√
6
6

√
6
6

−
√
6
3√

2
2
−
√
2
2

0
√
3
3

√
3
3

√
3
3


K
√

6x′ + 2
√

3z′ = 3(x + y),
√

2y′ = x − y.dz = x2 − y2,^x′, y′, z′�,�
√
3z′−

√
6x′

3
=
√

2y′ ·
√
6x′+2

√
3z′

3
,z

{z′ · (
√

3− 2
√

3y′) =
√

6x′ +
√

6x′y′,dd��,?¿�(x′, y′)(Ø
¤k�(k, 1
2
)(k 6= 0))þ�±��.

9.ÏL·�/3v�¡þÀJØ��º:ë�,�±3T���¡NS����>��
√
5+1
2
�á�

N,ÙNÈ�
√

5 + 2.
���¡N´3T8�¡þ�\��Âº.ù
ÂºNÈ�Ó.�Äã¥¤«Â

ºA1A2B1B2B3B4,KA1(− 1
2
, 0, t), A2(

1
2
, 0, t), B1(−

√
5+1
4
,−
√
5+1
4
,−
√
5+1
4

),B2(
√
5+1
4
,−
√
5+1
4
,
√
5+1
4

),

B3(
√
5+1
4
,
√
5+1
4
,
√
5+1
4

),B3(
√
5+1
4
,
√
5+1
4
,
√
5+1
4

),B4(−
√
5+1
4
,
√
5+1
4
,
√
5+1
4

).d|A1B1| = 1,��t =
√
5+3
4

.y

3rùo�Âº©�¤ocIA1B1B2B3B4±9o¡NA1A2B2B3,2rocIA1B1B2B3B4?�Ú
¤

ü�o¡NA1B1B2B4ÚA1B2B3B4.5¿�o¡NABCD�NÈ´
1
3
��.¡È¦±p,��u 1

6
|
−−→
AB ×

−→
AC ·

−−→
AD|,ÏdocIA1B1B2B3B4�NÈ´

√
5+3
12

,o¡NA1A2B2B3�NÈ´
√
5+1
24

.l
���¡N�NÈ

´ 7
√
5+15
4

10.·�ér ≤ 3�ÑÚ�y², ��Uk�{ü��{�r < 3�/. w,, XJê�Âñ, K7Âñ�f�

ØÄ:1− 1/r(éN´üØ0). Äkd

f(x)− 1 +
1

r
= (1− rx)

(
x− 1 +

1

r

)
�r ≤ 2�(Ø, Ï�d�é?¿x ∈ (0, 1), k|1− rx| < 1; fn(x)Xkf�Âñ�[0, 1]¥Ù§:, Kduê

��1− 1/r�ål�U�5��, ·���ê�üN, u´Âñ, %ØÂñ�1− 1/r, gñ.

e�2 < r ≤ 3. d�Xx ∈ (0, 1/r), dþª�wÑx < f(x) < 1 − 1/r, �∃n ∈ N, fn(x) ∈ [1/r, 1 −
1/r](X��Ø3K��4O,qÂñ�1−1/r±	��
). Xx ∈ (1−1/r, 1),Kdþªf(x) ∈ (0, 1−1/r),

d�cín, ½∃n ∈ N, fn(x) ∈ [1/r, 1− 1/r]. u´Ø���5, ��x ∈ [1/r, 1− 1/r].



lþª��±wÑ, ��x ∈ [1/r, 1− 1/r], Òkf(x) ≥ 1− 1/r, u´qkf(f(x)) ≤ 1− 1/r. qÏ�

f(f(x))− x = r2x(1− x)(1− rx(1− x))− x

= −r3x3 + 2r3x2 − r2(r + 1)x+ r2 − 1

= x(r − 1− rx)(r2x2 − r(r + 1)x+ r + 1)


(r(r+1))2−4r2(r+1) = r2(r+1)(r−3) ≤ 0,¤±x ≤ 1−1/r�kf(f(x)) ≥ x. nþ,�x ∈ [1/r, 1−1/r]�

·�kx ≤ f(f(x)) ≤ 1 − 1/r. ù��5, f2n(x) üNk., �k4�. 4�a÷vf(f(a)) = a, ¤±

ka = 1 − 1/r(5¿r = 3�f(f(x)) − x��gÏª��T�2/3, �´1 − 1/r). d�kf(a) = a, u

´f2n+1(x)�4��´a, �fn(x)Âñu1− 1/r.

11.¤¦p�3½�3{1��ê. éu3, F2
3¥=k�Ê�:w,÷v�¦. ép ≡ 1 (mod 3),�3ω ∈ Fp\1¦

�ω3 = 1. d�-A1 = (−1, 0), A2 = (−ω, 0), A3 = (−ω2, 0), B1 = (0,−1/2), B2 = (0, ω), B3 = (0, ω2),

C1 = (1,−1), C2 = (ω2,−1), C3 = (ω,−1). KN´�ykA1A2A3, B1B2B3, C1C2C3, A1B1C1, A2B2C2,

A3B3C3, A1B2C3, A2B3C1, A3B1C2, A1B3C2, A2B1C3, A3B2C1��|n:��, �vko:��, �ù

Ê�:÷v�¦.

ép ≡ 2 (mod 3), ·��y²Ø�3ù��Ê�:. ^�y{, �Ù�3, �A1, A2, A3, B1, B2, B3,

C1, C2, C3, ¿�A1A2A3��. w,ùÊ�:¥?�é:û½�|n:��, 
z^Ln:��þkné:,

��k
(
9
2

)
/3 = 12^�LÊ:¥�,n:. ,	N´wÑÊ:¥�z�:ÑT?uù��^�¥�o^þ.

ù��5, òA1, A2, A3�	�8�:üüë�, ù
(
6
2

)
= 15é:ëÑ��¥7TkÊ^LA1, A2, A3¥,�

:(z:�n), 
�e8é:ëÑ��ÑØLA1, A2, A3. 
duz^�7Ln�:, ù8é:�ëÑü^

�. XJÊ�:¥�,:, ��B1, 3ùü^�þ, 
,�:, ��C1, Ø3ùü^�þ, ¿�ë�B1C1�

��LA1. KB1A2A3��(Ï�LB1�o^�®kn^, ��A2, A3), �Ão:��gñ. �Ê�:¥

vk:3ùü^�þ. dd�ùü^��B1B2B3�C1C2C3. aq/·���±b�A1B1C1, A2B2C2,

A3B3C3, A1B2C3, A2B3C1, A3B1C2, A1B3C2, A2B1C3, A3B2C1��.

��Bå�, ·�b�A1A2A3�B1B2B3Ø²1. (XJÃ��KC�, ���KC�=���ù

�:; ÄKXJA1A2A3 ‖ B1B2B3, |^p 6= 3, A1B1 ‖ A2B2 ‖ A3B3, A1B2 ‖ A2B3 ‖ A3B1, A1B3 ‖
A2B1 ‖ A3B2ØÓ�u), ÏLUC:�¶¡½���A1A2A3�B1B2B3Ø²1.) u´·���I¶, �

�A1A2A3�x¶, B1B2B3�y¶, ©O��(1/a1, 0), (1/a2, 0), (1/a3, 0)�(0, 1/b1), (0, 1/b2), (0, 1/b3)(w,

§�Ø¬´�:), ù�, ��AiBj��§=�aix+ bjy = 1. @o, d��^�, ù8�:p�ë���k

n|n��:, u´k ∣∣∣∣∣∣∣∣
a1 b2 −1

a2 b1 −1

a3 b3 −1

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
a1 b3 −1

a2 b2 −1

a3 b1 −1

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
a1 b1 −1

a2 b3 −1

a3 b2 −1

∣∣∣∣∣∣∣∣ = 0,

=

a1b1 + a2b3 + a3b2 = a1b2 + a2b1 + a3b3 = a1b3 + a2b2 + a3b1 = 0.

nª�\�(a1 + a2 + a3)(b1 + b2 + b3) = 0, �Ø��a1 + a2 + a3 = 0. � �I¶�Ø��a3 = b3 = 1,

K(��þ¡�1�Ú1n�ªf)

a1b1 + a2 + b2 = a2b2 + a1 + b1 = 0;

òþü��u0�ªf©O¦±b2 − 1�b1 − 12�\�

(b2 − 1)(a1b1 + a2 + b2) + (b1 − 1)(a2b2 + a1 + b1) = 0,

=

(b1b2 − 1)(a1 + a2) + (b1 − 1)b1 + (b2 − 1)b2 = 0,



=(dua1 + a2 + 1 = 0)

b21 + b22 − b1b2 − b1 − b2 + 1 = 0.

��u = b1 − 1, v = b2 − 1¿�n�

u2 + v2 − uv = 0;

dub1, b2, b3 = 1pÉ,·�ku, v, 0pÉ,u´þª`²(y3ru, v���ê)p - u, p - v,
p | u2 +v2−uv,

�p ≡ 2 (mod 3)gñ.

12.PΓ1,Γ2, `1, `2��§©O�f1 = 0, f2 = 0, `1 = 0, `2 = 0,�OAB��§�l = 0.�Äng­

�f1`2 = 0,§LO,A,B,C,D,E1, F1, E2, F2Ê:,�ÄLE1, F1, C,D,E2��g­�f = 0,ng­�lf =

0LO,A,B,E, F,C,D,E2l:,K§L1Ê:F2(Cayley)Bacharach½n).�F2Ø3OABþ,l
fLF2,=

�3f ,§LE1, F1, E2, F2, C,D8:.



1�3�[Ï¥�Á�Y(�êÆ|)

1. (1)
1

2

(2) − ln a

2. (1)
2

3

(2) 1

3.�3. -{an} = {0, 1, 0, 1, · · · },{bn} = {1, 0, 1, 0, · · · }

4.y² �éê,��Iy²x ln(1 +
1

x
) < 1 < (x+ 1) ln(1 +

1

x
)x+1

¦�=�.

5.
(x+ 1)earctan x

2
√
x2 + 1

+ C

6.Ü©©ªÐm��

f(x) = x+ 5 +
7

10(x− 1)
− 127

10(x− 2)
+

1093

34(x− 3)
− 35x+ 6

170(x2 + 2x+ 2)

l
∫
f(x) dx =

x2

2
−5 ln(x2 + 2x+ 2)

68
+5x+

1093 ln(x− 3)

34
−27 ln(x− 2)

10
+

7 ln(x− 1)

10
+

19 arctan(x+ 1)

17
−390+C

7. 
0 0 1

0 1 0

1 0 0


8.−A

9
+
I

3
9. 0,±2,±4

ÏL?ØÐmª¥1,−1, i,−i��ê,´�1�ª���U�þãÊ�ê. e¡�Ñ�E:∣∣∣∣∣∣∣∣
1 1 1

1 1 1

1 1 1

∣∣∣∣∣∣∣∣ = 0,

∣∣∣∣∣∣∣∣
±1 ±1 ±1

1 i 1

1 1 −i

∣∣∣∣∣∣∣∣ = ±2,

∣∣∣∣∣∣∣∣
±1 ±1 ±1

1 −1 1

1 1 −1

∣∣∣∣∣∣∣∣ = ±4,

10. (1) y² ^�y{,ef(x)�üN4O§K�3x1 < x2,¦�f(x1) > f(x2)

Ø��x1 = 0, x2 = 1.,K�3ε > 0,¦�f(0) > f(1) + ε.

-g(x) = f(x) + εx,Kg(x)ëY,�??m��,m�êð�.

�0 ≤ c < 1�g(x)3[0, 1]þ���:,Kg′+(c) ≤ 0.gñ!

(2) ëY^�ØU�K,�±�ÄXe��~: f(x) = −x+ 1, x < 0, x, x ≥ 0

11.é?¿�α,òα*¿���m��|Ä.B = {α = α1, α2, · · · , αn}

�ϕ(α) =
∞∑
n=1

ciαi,XJ�32 ≤ i ≤ n,¦�ci 6= 0,�ÄB − {αi})¤�n− 1�f�m,du§´ϕ�Ø

Cf�m.l
ϕ(α)áuù�f�m.dd�±íÑciαiáuù�f�m,l
gñ.

�V��|ÄB = {e1, · · · , en},kþã?Ø,��ϕ(ei) = kiei.l
kiei + kjej = ϕ(ei + ej) = a(ei +

ej),Ïdki = a = kj ,l
¤k�ki�Ó,Ïd�ê¦C�.




